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Abstract. We extend the results of previous work on the vortex order parameter
in systems similar to the Ginzburg-Landau description of superfluid 3He in the bulk
B phase. Specifically, we consider vortices preserving an axial U(1) symmetry. We
determine the conditions required by the βi parameters to allow for an energetically
favorable development of the off-diagonal antisymmetric and symmetric-traceless
elements satisfying the axial symmetry from the trace-only ansatz of the order
parameter. The number and type of gapless moduli appearing on the classical
low energy theory of axial vortices is determined. The time-dependent part of the
Ginzburg-Landau free energy is then considered to determine the number of quantized
modes emerging from the gapless modulus fields.
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1. Introduction
In a previous publication [1] we considered emergent modulus fields on mass vortices in
systems similar to the Ginzburg-Landau description of superfluid 3He-B. In that work we
provided a method for determining the type and number of moduli appearing on mass
vortices under the restriction that the 3 × 3 matrix order parameter contained only its
diagonal (δµi) and antisymmetric off-diagonal (εµikχk) elements, setting its symmetric-
traceless part to zero. Although this restriction was not necessarily experimentally
sound, it allowed the calculations to be carried out with relative ease while still
providing enough complexity to illustrate the development of non-Abelian moduli and
their interactions with the already well studied translational moduli (Kelvin modes)
[2, 3, 4, 5, 6, 7, 8, 9]. The presentation of that work was also purely classical and
we made no attempt to discuss time dependence or quantization, which may alter the
number of gapless excitations determined from the modulus fields. In this work we aim
to continue that analysis and discuss vortex solutions that are more closely related to
certain types of vortices studied both experimentally [6, 7, 8] and theoretically [10, 11] in
superfluid 3He-B. Specifically we will discuss vortices respecting an axial U(1) symmetry,
which we will define below.
Superfluid 3He has drawn much attention from the high-energy physics community
due to its non-Abelian group structure and the tensorial nature of its order parameter
[12, 13]. The topological excitations derived from the group structure share many
close similarities to the non-perturbative solutions from Yang-Mills theories. Indeed the
analysis of the symmetry breaking in superfluid 3He results in a low energy field theory
describing the dynamics of gapless excitations of the mass vortices that is similar in form
to the low energy description of flux-tubes presenting Abrikosov-Nielsen-Olesen (ANO)
[14, 15] string-like solitons in Yang-Mills theories [16, 17, 18, 19, 20, 21]. In particular,
when the phenomenological βi, α, and γi parameters satisfy certain constraints (e.g.
γ2,3 = 0) the moduli excitations follow a variation of the ANO string excitations. The
low energy sector of the vortex excitations is composed of a translational modulus field
part resulting in Kelvin excitations, as well as an internal non-Abelian part, which
typically appears in the form of an O(3) sigma model [22, 23, 24] . Additionally, when
γ2,3 are small the pattern by which certain moduli develop mass gaps is similar to the case
of the ANO string where Lorentz symmetry breaking terms in the Lagrangian generate
mass gaps for the non-Abelian modes [25]. This example is of course illustrating the
universality of low energy effective field theories in condensed matter, high energy, and
cosmological systems [12].
We hasten to mention that the requirements of γ2,3 → 0 are different from the values
in superfluid 3He approximated from the weak coupling BCS theory as γ1 = γ2 = γ3
with strong coupling corrections that have been calculated in [26]. In this sense we are
discussing only systems similar to the Ginzburg-Landau description of superfluid 3He,
however we are not strictly adhering to the descriptions given from condensed matter
theory and experiment. Thus the results we obtain should be taken only as illustration,
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and should not necessarily be considered for experimental value. We however point out
that the prescription of γ2,3 = 0 can be approximately achieved in an ultra-cold fermi
gas with p-wave pairing. This of course is not the case for superfluid 3He.
The symmetry structure of superfluid 3He can be determined by considering the
microscopic BCS theory of the helium atoms at the critical temperature. Below this
critical temperature the individual helium atoms condense into Cooper pairs similar
to the BCS description of superconductivity [27]. However, for the case of 3He the
short range hard core potential requires the 3He atoms to pair in an orbital p-wave. To
preserve the antisymmetric pairing requirement for fermions the Cooper pairs form a
spin triplet state. Thus the order parameter describing the superfluid states is given
by a complex 3 × 3 matrix eµi, where µ and i describe the spin and orbital degrees of
freedom respectively [28, 29, 30]. The continuous group describing the internal symmetry
structure of superfluid 3He is thus given by
G = U(1)P × SO(3)S × SO(3)L (1)
where the U(1)P represents the phase symmetry of the order parameter, and the groups
SO(3)S and SO(3)L represents the symmetries of the spin and orbital degrees of freedom
respectively. This is in addition to the translational symmetries as well as the discrete
time reversal and parity symmetries. As we will see below it will be necessary to
distinguish between internal orbital rotations and external coordinate rotations (see the
example in [31]). By external coordinate rotation, we are referring to a transformation
resulting from a rotation of the coordinate system without a corresponding rotation to
the orbital index. We will consider the orbital index as an internal degree of freedom.
This distinction is important for the case of γ2,3 = 0 since in this limit the free energy
gradient terms receive an enhanced symmetry SO(3)L → SO(3)Lext × SO(3)Lint. This
situation is reminiscent of the theory of elasticity where an unphysical vanishing of the
bulk modulus leads to an enhanced symmetry of rotations O(2)→ O(2)×O(2) leading
to the equivalence of scale and conformal transformations [32]. In this work it will
be necessary to consider the entire symmetry group including both the internal and
external symmetries (see Figures 1 and 2).
There are several potential phases of the superfluid ground state, which are
determined by considerations of the broken symmetries. In particular the B phase
is characterized by the spontaneous breaking of G to a spin-orbit locked phase
G→ HB = SO(3)S+L (2)
similar to the mechanism of color-flavour locking in color superconductivity [33, 34].
The degeneracy of the B phase ground state is given by
G/HB = U(1)P × SO(3)S−L. (3)
This type of degeneracy allows for the existence of topologically stable vortices of the
Z × Z2 type [35]. The specific vortex solutions are determined by minimizing the
Ginzburg-Landau free energy for the required boundary conditions.
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SOH3LLint
Figure 1. The result of an internal rotation of the vortex orbital index is shown.
The vortex density function does not change, however the directors of the vortex are
rotated.
SOH3LLext
Figure 2. The result of an external coordinate rotation of the vortex axis is shown.
The directors of the vortex solution however are not rotated. A complete SO(3)L
rotation would rotate both the density function and the directors.
To accomplish this task we consider several forms of the order parameter and
minimize the free energy under those assumptions. Previously the vortex order
parameters were searched for by initially decomposing the order parameter into its
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trace, symmetric, and antisymmetric components [1, 24]
eµi =
1
3
eσσ δµi + e
S
µi + e
A
µi,
eSµi = e{µi} −
1
3
eσσδµi,
eAµi = e[µi] ≡ εµikχk. (4)
For the illustrative purposes in the previous work [1] it was sufficient to consider just
the trace and antisymmetric components of the order parameter
eµi = e
iφf(~x⊥)δµi + εµikχk(~x⊥), (5)
where ~x⊥ ≡ (x, y) are the coordinates in the plane perpendicular to the vortex axis,
and φ is the polar angle in this plane. The functions f and χ are determined by
minimizing the free energy. This is indeed the most simple context allowing for the
maximal number of modulus fields to emerge on the vortex. In the present work we
wish to continue that analysis by extending the order parameter ansatz to include all the
necessary components appearing in an axially symmetric solution. These will include
new symmetric-traceless components. In the absence of these terms the low energy
effective theory can be described by translations (Kelvin modes) and rotations of the
χi fields resulting in an emergent O(3) sigma model for the unit vector λi describing
the director of χi. The symmetric terms will however complicate this situation since
the symmetric components must be built from symmetric traceless combinations of the
products λµλi whereas the antisymmetric components are simply built from εµikλ
k. We
will find that this addition does not change the number of moduli appearing on the
mass vortex. However, we will observe changes to the gradient and interaction terms
involved.
The other goal of this paper will be to characterize the time dependence of the
modulus fields to determine the quantized modes appearing on the mass vortex. It
is well known that after quantization the two translational moduli appearing on the
vortex solution result in a single Kelvin mode. This is the result of the application of
Goldstone’s theorem [36, 37] to non-relativistic systems where the number of quantized
modes is less than or equal to the number of broken group generators [38, 39, 40]‡.
Additionally, it is a simple matter to show that the moduli generated by the broken
coordinate rotational symmetry SO(3)ext are equivalent to the (x, y) translations due
to the so called inverse Higgs mechanism [44, 45, 46, 24]. Figure 3 illustrates this
equivalence. Thus the four moduli generated from coordinate rotations and translations
reduce to only one gapless mode. We will extend this analysis to the quantization of
the non-Abelian modulus fields appearing from the broken SO(3)S+L.
‡ Strictly speaking for a non-homogeneous vacuum degeneracy space the number of gapless modes
may exceed the number of broken generators if flat directions corresponding to hidden symmetries
are present [41]. In most cases these modes become gapped when quantum corrections are included.
However, for some weakly coupled systems the corrections may be neglected and the modes associated
with the hidden symmetries may be considered nearly gapless. This effect occurs in the weak coupling
limit of superfluid 3He-A [42, 43], however we will not need to consider this effect in the present work.
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ΞI = aI z ΩI
Translation External Rotation
Figure 3. The equivalence of infinitesimal external rotations with z-dependent
translations is illustrated above. Here the translation ξI(z) is a linear function of
z, and ωI is the corresponding rotation angle. This effect is known as the inverse
Higgs mechanism [44, 45, 46, 24].
The organization of our presentation is as follows. We will begin with a brief
review of the Ginzburg-Landau description of superfluid 3He, and discuss the emergence
of topological vortices in the bulk B phase. The following section will present a
classification of vortices, where we will determine the general form of the order
parameter for an axially symmetric vortex. In particular we will determine some
specific requirements for the axially symmetric components to emerge from the trace-
only solution. In the following sections we will determine the static low energy theory
describing the translational and non-Abelian modulus fields localized on the mass vortex
with the modifications due to the symmetric components of the axially symmetric
vortex. Finally, we will characterize the precise number and type of quantized gapless
modes appearing on the axial vortex by considering the Goldstone theorem in non-
relativistic systems. Although we will discuss the effects of quantization on the classically
gapless modes, we will not discuss quantum corrections coming from loops in the effective
potential. For such an analysis we turn the reader to the discussion presented in [47].
2. The Ginzburg-Landau description
In this section we will review the Ginzburg-Landau description of condensed matter
systems following the descriptions outlined in [12, 48, 49]. The Ginzburg-Landau theory
provides a macroscopic description of the order parameter of superfluid 3He near the
critical temperature. The theory can be derived from consideration of the microscopic
BCS theory of the p-wave Cooper pairs of the 3He atoms resulting in a non-relativistic
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field theory of the order parameter. As we discussed in the introduction the order
parameter is a complex 3 × 3 matrix that transforms as a vector under both spin and
orbital rotations [28, 29, 30]
eµi → eiψSµνLijeνj, (6)
where Sµν and Lij are spin and orbital rotations respectively. The symmetry group
describing these transformations is
G = U(1)P × SO(3)S × SO(3)L (7)
where U(1)P is the group of phase rotations e
iψ, and SO(3)S,L are the groups of spin
and orbital rotations. The most general (time-dependent) Ginzburg-Landau free energy
containing this symmetry is given by [29, 11, 50, 51]
FGL = Ftime + Fgrad + V,
Ftime = ieµi∂te
⋆
µi,
Fgrad = γ1∂ieµj∂ie
⋆
µj + γ2∂ieµi∂je
⋆
µj + γ3∂ieµj∂je
⋆
µi,
V = −αeµie⋆µi + β1e⋆µie⋆µieνjeνj + β2e⋆µieµie⋆νjeνj + β3e⋆µie⋆νieµjeνj
+ β4e
⋆
µieνie
⋆
νjeµj + β5e
⋆
µieνieνje
⋆
µj , (8)
where γi, α, and βi are phenomenological parameters whose values can be determined
at zero pressure from the BCS theory [30]
α =
N(0)
3
(
1− T
Tc
)
,
− 2β1 = β2 = β3 = β4 = −β5 = 7N(0)ζ(3)
120(πT )2
,
γ1 = γ2 = γ3 = 7ζ(3)N(0)
v2F
240(πT )2
, (9)
where N(0) = m⋆kF/2π
2~2. Strong coupling corrections for the specific case of
superfluid 3He have been determined in [26]. However, we quickly point out that in
the present paper we will adjust the constants at our will depending on the particular
features we wish to illustrate. The time-dependent part Ftime of (8) is typically discussed
for non-equilibrium dynamics where quasi-static approximations are not valid (see for
example [52] and [53]).
In this work we will mostly consider the case where γ2,3 → 0 where we may
distinguish internal and external orbital rotations SO(3)L → SO(3)Lint × SO(3)Lext.
This can be theoretically achieved for ultra-cold fermion p-wave pairs, however this
requirement does not hold for general systems. Thus our results below will be somewhat
illustrative only, and should not necessarily be considered for precise measurements.
Minimizing the free energy (8) results in several different vacua, two of which are
achieved physically in superfluid 3He. These are the A-phase and the B-phase. We
will focus our attention on the B-phase vacuum, which is given by the retention of a
spin-orbit locked SO(3) symmetry
G→ HB = SO(3)S+L. (10)
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The order parameter in the B-phase is given by
(eB)µi = e
iψ∆(R0)µi, ∆ =
α
6β12 + 2β345
, (11)
where (R0)µi is a generic rotation matrix and the gap parameter ∆ is determined by
minimization of (8). Here and throughout this analysis we will make use of the shorthand
notation
γabc... = γa + γb + γc + ...,
βabc... = βa + βb + βc + ... (12)
We can see that the order parameter (11) is invariant under simultaneous orbital Lij
and spin Sµν rotations satisfying S = R0LR
T
0 .
In the B-phase the free energy (8) has a ground state degeneracy
G/HB = U(1)P × SO(3)S−L. (13)
We may thus select the state with (R0)µi = δµi as our ground state. Considering the
first fundamental group of the degeneracy space (13)
π1(G/HB) = π1(U(1)) + π1(SO(3)) = Z+ Z2 (14)
we see that the B-phase admits topologically stable mass vortices with integer
topological charge n ∈ Z. Additionally, spin vortices with Z2 winding ν ∈ (0, 1) also
appear in the vacuum. We will only consider the mass vortices with windings n = ±1
and ν = 0 [48].
The precise form of the single vortex (n = 1) order parameter must be determined
by minimization of the free energy (8). For this purpose we will consider solutions of
the form
eµi = e
iφf(~x⊥)δµi + εµikχk(~x⊥) + Sµi(~x⊥), Tr(S) = 0, (15)
where f , χk, and Sµi are functions to be determined by minimization. Here φ refers to
the polar angle about the vortex axis. To satisfy the asymptotic B phase condition we
must require
f → ∆, as |~x⊥| ≡ r →∞. (16)
Additionally, f must vanish as r → 0 to satisfy the winding condition at the origin. In
addition, far from the vortex center ~x⊥ →∞ both χi and Sµi will be required to vanish
to satisfy the B phase vacuum constraint.
3. Symmetry classification of vortices and axially symmetric solutions
3.1. Symmerty structure of vortex solutions
In this section we will discuss the topic of vortex classification by considering the
symmetries broken by specific vortex solutions. The results of this section will allow
us to determine vortex solutions by reducing the number of components of the order
parameter to those that satisfy invariance under unbroken symmetries. Additionally,
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by simply considering the broken generators we will be able to determine the modulus
fields emerging on the mass vortex, and draw general conclusions about their kinetic
terms and interactions in a low energy effective theory. The presentation of this section
will follow closely the approaches given in [12, 54, 29].
For the moment we will set γ2,3 = 0 and consider the complete symmetry group
G of the free energy (8), which includes both the continuous symmetries from G
as well as the coordinate translational and the discrete symmetries. In addition G
includes the enhanced symmetry distinguishing internal and external orbital rotations
SO(3)L → SO(3)Lint×SO(3)Lext. We may split G into its continuous and discrete groups
G = Gcont × Gdis, (17)
where
Gcont = U(1)P × SO(3)S × SO(3)Lint × SO(3)Lext × T
Gdis = T × P. (18)
Here T represents the translational symmetry, SO(3)Lext represents rotations of the
coordinate. The generator Lint will henceforth refer to the rotations of the orbital index
of the order parameter. The discrete symmetries T and P represent time reversal and
parity transformations. The effect of these transformations on the order parameter eµi
are given by the following
Uθ = e
iIˆθ ∈ U(1)P , where Iˆeµi = eµi, Iˆe⋆µi = −e⋆µi,
Sˆβeµi = −iεβµνeνi, ei~ω·Sˆ ∈ SO(3)S
Lˆintj eµi = −iεjikeµk, ei~ω·Lˆ
int ∈ SO(3)Lint
Lˆextj eµi = −iεjlkxl
∂
∂xk
eµi, e
i~ω·Lˆext ∈ SO(3)Lext,
T~ξ0eµi(~x) = eµi(~x− ~ξ0), T~ξ0 ∈ T
Tˆ eµi = e⋆µi, Tˆ ∈ T
Pˆ eµi(~x) = −eµi(−~x), Pˆ ∈ P. (19)
In the first line of (19) θ represents the phase angle. We will employ the shorthand
notations
Lˆ ≡ Lˆint + Lˆext, Jˆint ≡ Lˆint + Sˆ, Jˆ ≡ Lˆint + Lˆext + Sˆ. (20)
In the B-phase vacuum state where we may select for our ground state
eµi = e
iψ∆δµi, (21)
we can see that the preserved continuous symmetries from G are
HB = SO(3)Jint × SO(3)Lext × T, (22)
as well as discrete symmetries given by the transformations
UψTˆ U−ψ, and PˆUπ (23)
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In the presence of a vortex in the B-phase the determination of the continuous
symmetries preserved in the asymptotic limit is somewhat more subtle. Far away from
the vortex core the order parameter approaches the form
eµi → eiφ∆δµi, as r →∞. (24)
Clearly the asymptotic vacuum form retains the spin-orbit locking SO(3)Jint symmetry
as well as invariance under translations T~ξ0 . It is also not difficult to show that
coordinate rotations about the x and y axis also leave the order parameter invariant
in the asymptotic limit. However, it is clear that the order parameter is not invariant
under independent phase and external coordinate rotations about the z-axis. Instead
the order parameter is invariant under axial U(1)A transformations generated by a linear
combination of the generators of phase and z-axis external coordinate rotations:
Qˆ = Lˆextz − Iˆ, Uδ = eiδQˆ ∈ U(1)A. (25)
A specific example of an axial transformation generated by Qˆ is shown in Figure 4. The
ei ∆ I
e i ∆Q
=
e i ∆ II-L int
z M e
i ∆ I
e-i ∆ L
int
z
e-i ∆ L
int
z
Figure 4. The phase vectors of an axial U(1)A symmetric vortex solution are mapped
onto the perpendicular plane to the vortex axis. The two transformations generated by
Lˆintz and Iˆ are shown in the upper right and lower left corner respectively. Performing
these transformations in succession by equal and opposite angle δ are known as axial
U(1)A transformations generated by Qˆ for which axially symmetric solutions are
invariant as illustrated in the lower right corner.
linear combinations of Qˆ with Lˆextx and Lˆ
ext
y generate a coordinate-phase locked (axial)
symmetry SO(3)A+Lext
⊥
, which contains U(1)A as a subgroup. Thus summarizing the
continuous symmetries of the B-phase with an n = 1 vortex in the asymptotic limit
(HB)n=1 = SO(3)Jint × SO(3)A+Lext⊥ × T (26)
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Additionally, in the asymptotic limit, the order parameter is invariant under the discrete
transformations
Pˆ1 ≡ Pˆ eiπIˆ , Pˆ3 ≡ Tˆ eiπJˆx . (27)
Note that Jˆx generates rotations of both the internal and external degrees of freedom.
The degeneracy space associated with a particular mass vortex solutions is
characterized by the possible symmetry breaking pattern of the continuous group (26).
Clearly the existence of a vortex core breaks translations in the x and y directions as well
as rotations about any axis in the xy plane. Additionally, vortex solutions are invariant
under translations in the z direction. Vortex solutions are thus classified according to
their transformation properties under the group
U(1)A × SO(3)Jint × (Z2 × Z2)P1×P3 (28)
whose continuous group elements are generated by Qˆ, Jˆint, with discrete group elements
given in (27).
3.2. Vortex solutions in the spherical tensor basis
In searching for vortex solutions that minimize the free energy, we may consider forms
of the order parameter that break some or all of the symmetries in (28). In this light
it is most convenient to expand the vortex solution in terms of eigenfunctions of Qˆ, Sˆz,
and Lˆintz .
eµi =
∑
ρ,ν=±1,0
∑
n
Cρν,n(r)λ
ρ
µλ
ν
i e
inφ,
Sˆzλ
ρ
µ = ρλ
ρ
µ,
Lˆintz λ
ν
i = νλ
ν
i , (29)
where the Jˆ intz eigenfunctions written in the cartesian (x, y, z) basis as
λ±α = 1/
√
2(xˆα ± iyˆα), λ0α = zˆα. (30)
The most trivial example of a solution is a vortex that is axially U(1)A symmetric
and invariant under SO(3)Jint
Qˆeµi = Jˆinteµi = 0. (31)
In this case the solution is constrained to n = 1, as well as ρ + ν = 0, with
C+− = C00 = C−+ = f(r), and all other Cρν vanish. Additionally, the invariance
under the (Z2 × Z2)P1×P3 requires f(r) to be real. This would represent the trace-only
vortex solution
etµi(x, y) = e
iφf(r)δµi. (32)
A more interesting ansatz occurs when we consider solutions that are invariant
under a locked U(1)A+J intz symmetry, which is a subgroup of the classification group
(28) and is generated by
Qˆ′eµi = 0, where Qˆ
′ ≡ Qˆ+ Jˆ intz = Jˆ − Iˆ . (33)
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This results in the constraint n + ρ + ν = 1, and thus we may express the amplitudes
Cρν,n as
∑
n
Cρν,n =


C++e
−iφ C+0 C+−e
iφ
C0+ C00e
iφ C0−e
2iφ
C−+e
iφ C−0e
2iφ C−−e
3iφ

 (34)
The U(1)A+Jz vortices are further categorized by their transformations under the
(Z2×Z2)P1×P3 . This results in five subclasses of axisymmetric vortices. We will consider
the subclass given by
Pˆ1Pˆ3eµi = eµi, (35)
which reduces to the constraint that the Cρν amplitudes are real.
To identify the trace, symmetric, and anti-symmetric components of eµi for the
axially symmetric solutions we rearrange the solution in terms of the irreducible
multiplets in the (J, Jz) basis. Following this procedure may write the antisymmetric
and symmetric-traceless parts of the order parameter eµi as follows
eµi = e
iφf(r)δµi + εµijχj(r, φ) + Sµi(r, φ), (36)
where we write the χi and Sµi tensors in terms of the spherical tensor components χmJ
and smJ ,
~χ(r, φ) = i
(
χ1~λ
+ + χ0e
iφ~λ0 + χ−1e
2iφ~λ−
)
, (37)
and
Sµi = s2e
−iφλ+{µλ
+
i} + s1λ
+
{µλ
0
i}
+ s0e
iφ
(
λ+{µλ
−
i} − 2λ0µλ0i
)
+ s−1e
2iφλ−{µλ
0
i} + s−2e
3iφλ−{µλ
−
i}. (38)
The following relations between the (J, Jz) and (L
int
z , Sz) bases are useful and easy
to derive from the Clebsch-Gordon coefficients:
f =
1
3
(C+− + C−+ + C00),
χ±1 =
1
2
√
2
(C±0 − C0±), χ0 = 1
2
(C−+ − C+−),
s±2 =
C±±
2
, s±1 =
1
2
√
2
(C±0 + C0±), s0 =
1
6
(C+− + C−+ − 2C00). (39)
In the context of superfluid 3He-B the solutions (48) are known as the v-vortices
[54], and are characterized by a core with mixed A-phase (C+0) and ferromagnetic β-
phase (C0+) components. In the following section we will argue that these components
will typically arise spontaneously from the trace only solution (21) and thus the vortex
will contain symmetric and anti-symmetric components resulting in additional gapless
excitations of the vortex core.
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4. Emergence of off-diagonal components in the vortex core
In a previous work we considered the conditions under which a single real antisymmetric
component εµikχk(r) of the vortex order parameter would spontaneously develop in the
core from the initial trace-only solution (21). To accomplish that task we employed the
methods of [55] considered for superconducting strings. Initially, the χk field is set to
zero and the free energy (8) is minimized numerically by f(r) (see Figure 5).
0 2 4 6 8 10 12 14
x
0.2
0.4
0.6
0.8
1.0
fHxL
Figure 5. The numerical solution f˜(x) = f(x)/∆ is plotted. Here we have defined
x ≡ r
√
α/γ1. For x≪ 1 the solution follows the form f˜(x) ∼ 0.583x. In the opposite
limit x≫ 1 the function f˜(x)→ 1− 1/2x2 +O(x−4).
At this point a small χk(r) field is considered in the free energy (8) such that the
quartic terms of χk may be neglected. Since we consider γ2,3 = 0 we are free to set
~χ(r) ≡ (0, 0, χ(r)). (40)
Thus the χ(r) dependent part of the free energy is
Fχ =
∫
rdr
{
iχ
∂χ
∂t
+ χL2χ+O(χ4)
}
, (41)
where L2 is given given by:
L2 = −2γ11
r
∂
∂r
(
r
∂
∂r
)
+ V (r),
V (r) = 4(3β2 + 2β4)f
2(r)− 2α. (42)
Thus L2 acts as a Schrodinger operator whose eigenvalues and eigenvectors are given
by solving
L2χn = ωnχn, where χ(r) =
∑
n
anχn(r). (43)
It can be shown that a negative eigenvalue ω0 will exist under the condition
1
2
≤ 3β2 + 2β4
6β12 + 2β345
. 0.76. (44)
If this condition is satisfied a non-zero χ(r) field will be energetically favorable compared
to the trace-only solution (21).
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We may take this analysis one step further by considering a more general ansatz
for χk, which satisfies the U(1)A+J intz axial symmetry condition:
~χA(r, φ) = i
(
χ1(r)~λ
+ + χ−1(r)e
2iφ~λ−
)
. (45)
The stability is determined by considering the equations of motion linearized in χ±1
γ1
r
∂
∂r
(
r
∂χ1
∂r
)
= ((6β2 + 4β4)f(r)
2 − α)χ1 + (6β1 − 2β4 + 2β35)f(r)2χ−1,
γ1
r
∂
∂r
(
r
∂χ−1
∂r
)
=
4χ−1
r2
+ ((6β2 + 4β4)f(r)
2 − α)χ−1 + (6β1 − 2β4 + 2β35)f(r)2χ1 (46)
Considering the case far from the vortex core a non-trivial solution to the coupled
equations (46) exists for any βi with the asymptotic condition
χ1(r) ≃ χ−1(r) ∼ 1
r
+O(r−3) (47)
Near the vortex core it is clear that χ−1(r → 0)→ 0 due to the winding. However, the
field χ1 is not constrained at the origin by any winding and thus may develop a non-
trivial value in the core. This value must be determined by solving the full equations
of motion. Numerical solutions for χ±1(r) are shown in Figure 6 for a typical set of βi
values.
Having demonstrated the spontaneous emergence of antisymmetric components χ1
and χ−1, we continue the analysis by considering symmetric-traceless components as
perturbations on the antisymmetric solution. For this we consider the symmetric ansatz
Sµi(r, φ) = s1λ
+
{µλ
0
i} + s−1e
2iφλ−{µλ
0
i}. (48)
Considering the equations of motion linearized in s0 and s2 we arrive at
γ1
r
∂
∂r
(
r
∂s1
∂r
)
= 2(β5 − β3)χ31 + (terms proportional to s±1),
γ1
r
∂
∂r
(
r
∂s−1
∂r
)
= 2(β5 − β3)χ3−1 + (terms proportional to s±1), (49)
where for our purposes it will only be necessary to consider the first terms on the
righthand side of (49). It is readily apparent that non-zero χ±1(r) fields act as sources
for the symmetric-traceless fields s±1(r). Numerical solutions for s±1(r) are shown in
Figure 7. Thus all four off diagonal fields χ±1 and s±1 spontaneously develop from the
trace-only solution (21). The remaining four elements of the axial solution (numerically
plotted in Figure 8) also arise spontaneously from (21) due to their couplings with the
symmetric s±1 and antisymmetric χ±1 solutions. However, these are typically small and
will have little impact on the low energy effective theory we discuss in the following
sections.
5. Broken symmetries and non-Abelian moduli localized on vortex
Having established the spontaneous emergence of non-trace elements of the n = 1 vortex
order parameter we may proceed to address the effective field theory describing the
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Figure 6. The numerical solutions for f˜(x) = f(x)/∆, χ˜1(x) = χ1(x)/∆, and
χ˜−1(x) = χ−1(x)/∆ are plotted, where again x ≡ r
√
α/γ1. As x → ∞ we have
χ˜1(x) ≃ χ˜−1(x) → c/x, where c is a constant that must be determined by solving
completely the vortex solution.
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Figure 7. The numerical solutions for f˜(x) = f(x)/∆, s˜1(x) = s1(x)/∆, and
s˜−1(x) = s−1(x)/
√
2∆ are plotted, where again x ≡ r
√
α/γ1.
gapless excitations of the vortex string. At the classical level this can be accomplished
by determining the broken symmetries of a particular vortex solution. The number of
broken symmetries determines the number of gapless moduli appearing in the low energy
theory. For relativistic systems this is precisely the number of quantized Goldstone
modes appearing in the effective theory. However, for non-relativistic systems, the
Goldstone theorem is more subtle and care must be taken to determine how many gapless
modes survive the quantization procedure. In this section we will simply discuss the
classical moduli determined from symmetry considerations and determine the classical
effective theory. In the following section we will consider quantization.
In section 4 we discussed that at large distances from the vortex core, the order
parameter was required to be invariant under the continuous symmetry group (26)
(HB)n=1 = SO(3)Jint × SO(3)A+Lext⊥ × T (50)
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Figure 8. The numerical solutions for s˜±2(x) = s±2(x)/∆, s˜0(x) = s0(x)/∆, and
χ˜0(x) = χ0(x)/∆, where again x ≡ r
√
α/γ1. These functions necessarily develop in
response to the development of non-zero χ±1 and s±1. They are however typically
small for most values of βi.
The moduli generating gapless modes for a particular vortex solution are determined
from the broken generators of the group (26). In particular, all vortex lines break the
translational symmetries in the xy plane resulting in two Abelian moduli generating the
Kelvin excitations. Additionally, vortex solutions that break the axial U(1)A symmetry
generate an additional Abelian mode. We may also consider the coordinate rotations
about the x and y axes, which would naively be expected to generate two additional
moduli. However, it is a simple matter to show that the coordinate rotations about the
x and y directions are equivalent to a z-dependent translation in the x− y plane. Thus,
there are a total of three potential Abelian moduli arising on the vortex string. These
are well studied in the context of vortices in superfluid 4He.
We are however interested in the additional non-abelian modulus fields occurring
from the breaking of the SO(3)Jint symmetry in the vortex core. There will be an
additional two or three moduli appearing on the vortex depending on the symmetry
breaking pattern of SO(3)Jint. If the vortex solution retains a U(1) symmetry from
the breaking of SO(3)Jint then there will appear two modes ωx and ωy living on the
degeneracy space
SO(3)Jint/U(1)J intz ≃ S2. (51)
An example of such a vortex solution is given by the case of an order parameter with
a single real valued antisymmetric component ~χ(r) = χ(r)zˆ as discussed in at the
beginning of the previous section.
If the vortex completely breaks SO(3)Jint, all three potential moduli ωx, ωy, and ωz
will appear in the effective theory living on the space
SO(3)Jint/1 ≃ S3/Z2. (52)
The axial vortices preserving the U(1)A+J intz symmetry are characterized by a complete
breaking of SO(3)Jint. However, due to the preserved U(1)A+J intz symmetry only two
of the moduli from the broken SO(3)Jint will be independent of the axial modulus δ
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Table 1. A summary of degeneracy space and associated moduli for the vortex
solutions when γ2, γ3 = 0 considered in the previous section is shown. The first column
indicates the core type solution. Columns 2-5 indicate the modulus fields emerging in
the various solutions. The degeneracy spaces in the sixth column are denoted with
subscripts indicating the group associated with the degeneracy. Additionally, we have
defined Jint ≡ S + Lint. The last column shows the total number of emerging moduli.
Core Type ~ξ⊥ ωx,y ωz δ Degeneracy Space Number of Moduli
~χ = 0, f = f(r) X × × × S2T 2
~χ = 0, f = f(x, y) X × × X S1A × S2T 3
~χ = χz(r)zˆ ∈ R3 X X × X S2Jint × S1A × S2T 5
Preserved U(1)A+Jz X X ωz ∼ δa S2Jint+A × S1J int
z
+Az
× S2T 5
Broken U(1)A+Jz X X X X (S
3/Z2)Jint × S1A × S2T 6
a We have noted the equivalence of δ and ωz moduli for the A-phase core.
from U(1)A. Table 1 summarizes the degeneracy space and associated modulus fields
developing on particular vortex solutions.
For the case of axially asymmetric vortices the group U(1)A×SO(3)Jint is completely
broken, and thus all four moduli from the internal space will appear independently in the
classical effective theory. Physical examples include the double core vortex in superfluid
3He-B. We will avoid further discussion of the axially asymmetric solutions of this form
here.
Extending this analysis to the case of small but non-zero γ2,3 it is readily seen from
(8) that the associated gradient terms no longer have the separate SO(3)Lint×SO(3)Lext
from the internal and external rotations. Instead the gradient terms preserve only
the complete orbital rotations SO(3)Lext+Lint = SO(3)L. Thus due to the equivalence
of coordinate rotations about the x and y axes to translations in the xy-plane we
will find that only the translational moduli ξx,y and the axial U(1)A modulus δ will
be independent. The moduli from the remaining generators will develop a mass
gap proportional to γ23. In addition interactions between ωx,y, and ξx,y will appear
illustrating the equivalence of coordinate rotations and translations.
6. Low energy effective field theory of gapless excitations
Having established the existence of vortex solutions that spontaneously break the non-
Abelian symmetry SO(3)Jint in the vortex core we may write down the effective low
energy theory of the gapless excitations arising from the broken symmetries. In this
section we will summarize the general procedure outlined in [24] for determining this low
energy theory by considering perturbations of the vortex line. We will find that at least
classically, the combinations of perturbations corresponding to the broken generators
will contain no mass gap. Upon quantization we will observe the number of gapless
modes emerging from the classical modulus fields. In the following section we will
consider the specific solutions from the previous section and use the procedure discussed
Gapless excitations of vortices with axial symmetry 18
here to determine the quantized low energy theory of the gapless excitations.
We begin by considering fluctuations of the vortex line given by
eµi(~x⊥) = e
vort
µi (~x⊥) + δeµi(~x⊥, z, t). (53)
Inserting (53) into the free energy (8) and expanding to second order in δeµi we obtain
upon integrating by parts in the spatial gradients
δ2FGL = iδeµi∂tδe
⋆
µi + δeµiLij,µνδe
⋆
νj ,
Lij,µν = −γ1δijδµν~∂2 − γ23δµν∂i∂j + (∂e⋆µi∂eνjV ), (54)
where we have consolidated the spatial gradient and potential terms into Lij,µν . At this
point we consider an adiabatic mode expansion for δeµi(~x⊥, z, t)
δeµi(~x⊥, z, t) =
∑
n
cn(t, z)e
(n)
µi (~x⊥) (55)
where the functions e
(n)
µi (~x⊥) are eigenfunctions of Lij,µν
Lij,µν(~x⊥)e
(n)
νj (~x⊥) = E
(n)e
(n)
µi (~x⊥). (56)
In the low energy approximation we may restrict the expansion (55) to eigenfunctions
e
(n)
µi (~x⊥) for which E
(n) is small compared to the free energy density of the unperturbed
vortex solution.
For the current problem we are interested specifically in the zero-modes for which
E(n) = 0. These modes are generated by the non-trivial symmetry transformations of
evortµi (~x⊥) that leave free energy invariant. For each broken generator we parameterize
the associated transformation of the vortex solution by a modulus ma, and consider the
family of equivalent vortex solutions evortµi (~x⊥, m
a) and define the ground state solution
as evortµi (~x⊥, 0) ≡ evortµi (~x⊥). The gapless fluctuations are thus generated by the modulus
fields ma varying in space and time. Specifically for the adiabatic approximation
ma = ma(z, t) and the gapless fluctuations are given by
δeµi(~x⊥, z, t)E=0 =
∑
a
ma(z, t)
∂
∂ma
evortµi (~x⊥, m
b). (57)
Inserting (57) into (54) and integrating over ~x⊥ we arrive at a low energy effective
field theory of gapless excitations localized on the mass vortex. If the moduli we consider
are strictly gapless we will find the free energy can be written as
Feff = iG
t
ab(m)m
a∂tm
b +Gzab(m)∂zm
a∂zm
b,
Gt,zab (m) =
∫
d2~x⊥
∂evortµi (~x⊥, m)
∂ma
∂evort⋆νj (~x⊥, m)
∂mb
(58)
where Gab is a function of the modulus fields m
a. We hasten to point out that the
functions Gt,zab (m) in (58) are symbolic in the sense that their particular form depends
on how the indices i, j, µ, and ν are paired.
The second term of Feff in (58) describes the energy expense from fluctuations of
the moduli from the broken generators. To study the classical theory this is all that is
required. The first term is the dynamical term, which must be considered to determine
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the number of independent gapless propagating excitations emerging from the modulus
fields. For Lorentz invariant systems the corresponding dynamical term (which would
include two time derivatives) would show that the number of quantized gapless modes
is precisely given by the number of broken generators. However, for a non-relativistic
system, the Goldstone theorem is more subtle. The simplest example of a non-relativistic
system includes two modulus fields (such as the translational moduli) m1 and m2 where
Gtab ∝ εab. In this case the time dependent part of the free energy assumes the form
Ft = constant× (m1m˙2 −m2m˙1). (59)
In this case the modulus fields are the conjugate momenta of each other and thus form
a single Goldstone mode with quadratic dispersion, which we will refer to as a type A
mode.
On the other hand if Gtab ∝ δab the diagonal terms proportional to mam˙a in the
effective free energy are total derivatives at quadratic order and thus are non-dynamical.
In such cases where Ft ∝ mam˙a a more careful consideration of the interactions of
ma with non-zero modes is required. Typically this results in an effective theory
of “relativistic” Goldstone modes with linear dispersion. The modes are known as
Bogoliubov modes, which we will call type B. Both type A and B Goldstone modes
appear in the effective theories of the gapless excitations on mass vortices.
We hasten to point out that the Bogoliubov modes we discuss cannot always
be considered as low energy excitations as their dispersion relations depend on the
interaction with non-zero mode (gapped) fluctuations. If the gap parameter associated
with the non-zero mode is high, the propagation velocity of the Bogoliubov mode will
be large, and the excitation will disappear from the spectrum. In what follows below,
we will assume that the non-zero modes have a small enough gap for the associated
Bogoliubov mode to be considered in the low energy spectrum.
In the axially U(1)A+J intz symmetric cases considered in the next section we will
find that although the classical low energy theory predicts the existence of two separate
translational moduli as well as three moduli from the internal symmetry breaking
SO(3)Jint × U(1)A → U(1)A+J intz , the quantized theory will show only one type A
translational mode, one U(1) Abelian type B mode, and one non-Abelian type A mode.
The reduction of two translational moduli to one quantized mode is of course well
understood from the study of Kelvin excitations of vortices in superfluid 4He. The
U(1) mode will follow from the breaking of the axial U(1)A symmetry. The remaining
two independent moduli ωx,y will form a single quantized non-Abelian mode. For an
axially asymmetric vortex completely breaking SO(3)Jint × U(1)A an additional mode
from U(1)J intz would appear.
Before proceeding to a detailed discussion axially symmetric vortex excitations we
wish to illustrate this method in detail by applying it to the case of a vortex with real
vector ~χ = χ(r)zˆ and Sµi ≡ 0 considered in the previous section. This ansatz is not
axially U(1)A+J intz symmetric, so we do not make any initial claims about the number
and type of quantized modes in this case. Applying general translations, rotations, and
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U(1)A transformations the moduli appear in
eµi(~x⊥)→ eµi(~x⊥ − ~ξ⊥), ξ ∈ T
χi(r)→ Rij(~ω)χj(r), Rij ∈ SO(3)Jint
χi(r)→ eiδχi(r), eiδ ∈ U(1)A, (60)
where ~ξ⊥, ~ω, and δ are functions of z and t. Additionally, it will be particularly
convenient to consider the rotational moduli in the form
χi = Rij(~ω)χ
j ≡ Si(t, z)χ(r), |S|2 = 1, (61)
and consider the real modulus fields ~S(t, z) instead of ~ω(t, z).
Inserting this solution into (8) and integrating over x and y we arrive at the following
low energy theory
Feff = Ftrans + FO(3) + FU(1),
Ftrans =
T1
2γ1
ǫabξa∂tξb +
T2
2
∂z~ξ⊥ · ∂z~ξ⊥,
FU(1) =
1
2g21γ1
δ˙2 +
1
2g22
∂zδ∂zδ,
FO(3) =
1
2g22
∂z ~S · ∂z ~S, |S|2 ≡ 1, (62)
where ǫab is the 2× 2 antisymmetric matrix. The couplings T1,2 and g21,2 are determined
from the integration over ~x⊥:
T1,2
2
∼
∫
d2~x⊥3γ1
f 2
r2
→ γ1∆2 log
(
αR2
γ1
)
, (63)
1
g21,2
∼
∫
d2~x⊥γ1χ
2 → γ
2
1
2β12 + β345
, (64)
The low energy theory derived here shows the emergence of an O(3) sigma model very
similar in form to the low energy theory of gapless excitations of ANO strings in Yang-
Mills theories. For comparison see [25]. Classically the low energy theory contains five
gapless moduli from ξx,y, S1,2, and δ.
The U(1)A modulus δ appears in (62) with a time derivative term at quadratic
order. This term can be derived by considering the fluctuations of the magnitude of the
χ field in the vortex core. Considering these fluctuations χ(x, y)→ χ(x, y)+h(x, y, z, t)
to quadratic order in h in the free energy we arrive at a term linear in h of the form
F ⊃ 2χ(r)hδ˙. (65)
Integrating out the massive field h and performing the integrations over the
perpendicular coordinates (x, y) we arrive at the quadratic time derivative term for
δ in (62). We note that the FO(3) part of (62) contains no time derivative terms since
these terms only appear as total derivatives (to quadratic order in ~S) and thus do
not contribute to the low energy effective theory. Naively it might be expected that
the coupling of ~S to non-zero modes would produce quadratic time derivative terms of
the form S˙iS˙j in the effective free energy similar to the case of δ. However, a careful
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analysis shows that this is not the case. Instead when we consider fluctuations of the
form χi → χ(r)Si(z, t)+hi(z, t) the fluctuating non-zero modes hi coupling to Si appear
in the effective theory as
Fhi ⊃ 2iχ(r) (Si∂thi + hi∂tSi) +O(h2i ), (66)
which is a total derivative at linear order in hi and thus cannot contribute to the
dynamical degrees of freedom. This result follows from the requirement of time reversal
symmetry. If we relax the constraint that ~χ be a real vector then we may consider
complex fluctuations hi ∈ C3 in which case the time derivative terms of Si will no
longer be total derivatives, and two propagating non-Abelian modes may appear as
Bogoliubov modes in form
FS˙i =
1
2g2Sγ1
∂t~S · ∂t~S, with 1
g2S
∼ γ
2
1
2β2 − 2β1 + β4 . (67)
Summarizing the analysis the quantized effective theory (62) describes the
propagation of a translational Kelvin mode with quadratic dispersion and an axial
U(1)A mode δ with linear dispersion along with potentially two additional Non-Abelian
Bogoliubov modes from (67). The Kelvin and U(1)A modes appear on vortex lines of
superfluid 4He and are well studied in that system. The Non-Abelian modes are of
course exclusive to systems with tensorial order parameter.
At this point we switch on a small but non-zero γ23. We will assume that γ23 is small
enough that we may neglect the corrections to the vortex solutions of f(r) and χ(r), as
well as the constants T1,2 and g
2
1,2. Aside from these uninteresting numerical corrections
(64) remains of the same form, however there are additional terms representing the
breaking of the SO(3)Jint × SO(3)Lext symmetries. They appear as follows
Feff → Feff −∆Feff , (68)
where ∆Feff represents symmetry breaking terms, which in this case are given by
∆Feff =M
2(~S⊥ − S3∂z~ξ⊥)2 + ε
2g2
{
(S3∂zδ)
2 + (∂zS
3)2
}
. (69)
Here ε ∼ γ23/γ1, and M represents a mass gap parameter given by
M2 ∼
∫
d2~x⊥γ23(∂⊥χ)
2 → γ23α
2(2β12 + β345)
. (70)
In this form M is known as the “twisted mass” [56, 57].
For the case that M2 > 0 the free energy will be minimized at ~S⊥ = 0 and thus
both moduli S1,2 will no longer be gapless. If M
2 < 0 |~S⊥| = 1 and the effective theory
will retain one non-Abelian gapless modulus. In both cases the Kelvin and axial modes
will remain gapless.
7. Gapless modes of axially symmetric vortices
At this point we may consider the low energy effective theory emerging on the U(1)A+J intz
axially symmetric vortex solutions, which present a richer, but more involved analysis.
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As mentioned in the previous sections in the case that γ23 = 0 we expect to observe five
modulus fields for the classical theory that will be reduced to one translational and one
axial U(1)A mode, along with additional non-Abelian modes following the quantization.
We proceed by writing the axial vortex solution in the (Qˆ, Sˆz, Lˆ
int
z ) eigenbasis and
performing translational, rotational, and U(1)A transformations
eµi =
∑
ρ,ν
Cρν(r)λ
ρ
µλ
ν
i e
i(1−ρ−ν)φ →
∑
ρ,ν
Cρν(r
′)λρµ(~ω)λ
ν
i (~ω)e
i(1−ρ−ν)φ′ei(ρ+ν)δ,
λρa(~ω) = Rab(~ω)λ
ρ
b , (71)
where (r′, φ′) are the new coordinates generated by the translations ~ξ⊥(z, t), and Rab(~ω)
is a SO(3)Jint rotation given as a function of the moduli ~ω(z, t). Henceforth, λ
ρ
a will refer
to the ~ω-dependent λρa(~ω). Additionally, the U(1)A modulus δ is a function of z and t.
Decomposing (71) into the trace, antisymmetric, and symmetric parts and converting
to the (J int, J intz )-basis we find
eµi(r, φ, z, t) = fe
iφδµi
+ iεµik
(
χ1λ
+
k e
iδ + χ0e
iφλ0k + χ−1e
2iφλ−k e
−iδ
)
+ s2e
−iφλ+{µλ
+
i}e
2iδ + s1λ
+
{µλ
0
i}e
iδ
+ s0e
iφ
(
λ+{µλ
−
i} − 2λ0µλ0i
)
+ s−1e
2iφλ−{µλ
0
i}e
−iδ + s−2e
3iφλ−{µλ
−
i}e
−2iδ. (72)
We will also neglect s±2,0 and χ0 in (72) as these components are typically much smaller
than f , χ±1 and s±1, and contribute only small corrections to the low energy effective
theory. Additionally, these contributions will not affect the number of quantized modes
appearing in the theory.
Proceeding with these assumptions as well as the requirement that γ23 = 0 we may
apply the methods of the previous section to arrive at the following low energy effective
theory
Feff =
T1
2
εabξa∂tξb +
T2
2
∂z~ξ · ∂z~ξ
+
i
2g21
~λ+ · ∂t~λ− + 1
2g22
|~λ− · (∂t~λ+ + i~λ+∂tδ)|2
+
1
2g23
|∂z~λ+ + i~λ+∂zδ|2 − 1
2g24
|~λ− · (∂z~λ+ + i~λ+∂zδ)|2, (73)
where again ǫab is the 2× 2 antisymmetric symbol and T1,2 and 1/2g21,2,3,4 are given by
T1,2
2
∼
∫
d2~x⊥3γ1
f 2
r2
→ γ1∆2 log
(
αR2
γ1
)
, (74)
1
g21,3
∼
∫
d2~x⊥γ1(χ
2
1 + χ
2
−1 + s
2
1 + s
2
−1)→
γ21
α
∆2 log
(
αR2
γ1
)
, (75)
1
g22
∼
∫
d2~x⊥γ1(χ
2
1 − χ2−1 + s21 − s2−1)→
γ21
4β2 + 2β4 + β35
, (76)
1
g24
∼
∫
d2~x⊥γ1(s
2
1 + s
2
−1)→
γ21
4β2 + 2β4 + β35
. (77)
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The interesting features to point out from (73) include the last two lines showing the
U(1)A+Jz symmetry respected by the vortex solutions. Thus as expected only five
independent moduli from the broken translational and internal non-Abelian generators.
Additionally, the expected single Kelvin mode emerging from the dynamical term has
appeared just as in the previous examples.
The first term in the second line describing the time dependence of the non-Abelian
modes is new. In the limit of small oscillations we may consider rotations to the first
order in ~ω(z, t) and consider
λρi (~ω) = Rij(~ω)(λ0)
ρ
j ≃ (λ0)ρi − ωjǫijk(λ0)ρk, (78)
which gives the following result for the time dependent term
i~λ+ · ∂~λ− ≃ ωxω˙y − ωyω˙x. (79)
Thus we see that only one independent mode emerges from the modulus fields after
quantization as the fields ωx,y are the conjugate momenta of each other. This mode is
a type A Goldstone mode with quadratic dispersion relation. Additionally the second
term in the second line of (73) also includes a term quadratic in the time derivative of
δ implying that the U(1)A Bogoliubov mode appears due to the coupling of δ with the
massive oscillations of χ±1 and s±1 as in the previous section. After integrating these
oscillations out we arrive at the corresponding term in (73). It is clear that this term
also preserves the U(1)A+J intz symmetry.
For completeness we consider the additional gradient terms in the free energy (8)
when γ23 6= 0. For the purposes of illustration we will omit the contributing terms
from s±1(r) as they are notationally complex but do not introduce any additional
interesting effects. As before we assume that the γ23 corrections have negligible effect
on the functions f(r) and χ±1(r). Thus we find the following additional terms to
Feff → Feff −∆Feff :
∆Feff ⊃M2|~λ+⊥ − λ+3 ∂z~ξ⊥|2 +
{
M2ab
(
λ+a − ∂zξaλ+3
) (
λ+b − ∂zξbλ+3
)
e2iδ + h.c.
}
+
ε
2g2
|∂zλ+3 + iλ+3 ∂zδ|2, (80)
where ε = γ23/γ1 and
M2 ∼
∫
d2~x⊥γ23(∂⊥χ±1)
2 → γ23∆2 × C(βi), (81)
where C(βi) is a constant determined by the βi parameters. M
2
ab represents a symmetric
mass matrix illustrating the crossing factors between χ1 and χ−1:
Mab =
∫
d2~x⊥γ23∂aχ1∂b(χ−1e
−2iφ). (82)
The emerging mass terms in (80) are again the result of the breaking of SO(3)Lint ×
SO(3)Lext → SO(3)L. Thus only a certain combination of the internal rotational moduli
~λ+⊥ and the translational
~ξ⊥ moduli remain massless. Additionally, only the quantized
mode associated with this combination will be gapless. Thus since the gapless mode
associated with the axial U(1)A symmetry is not broken by these additional terms, we
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Table 2. We indicate the core type along with the type and number of quantized
modes existing on the mass vortex with the corresponding core type. In columns 2-4
we show whether the modulus exists as a quantized mode, and whether that mode
has quadratic (type A) or linear (type B) dispersion. A star indicates that the mode
becomes quasigapless for γ2,3 6= 0.
Core Type ~ξ⊥ ωx,y ωz δ # Modes γ2,3 = 0 # Modes γ2,3 6= 0
~χ = 0, f = f(r) A × × × 1 1
~χ = 0, f = f(x, y) A × × B 2 2
~χ = χz(r)zˆ ∈ R3 A × × B 2 2
~χ = χz(r)zˆ ∈ C3a A B⋆ × B 4 2
U(1)A+J int
z
symmetric A A⋆ B ∼ Bb 3 2
Broken U(1)A+J int
z
A A⋆ B B 4 3
aWe assume the ground state of ~χ ∈ R3 along the z-axis with ~h ∈ C3 excitations.
b We have noted the equivalence of δ and ωz modes for the U(1)A+J int
z
core.
have a total of two gapless excitations. The non-Abelian mode becomes quasi-gapless.
This is a familiar result similar to the case of superfluid 4He.
Although we will not consider the axial U(1)A+J intz asymmetric case in detail here
(see [58] for a detailed discussion), we will make a few brief remarks on the number and
type of modes existing for both the γ2,3 = 0 and γ2,3 6= 0 cases. The most important
change that is observed for this case is that the modes ωz and δ are no longer equivalent
and thus the single mode for the axial symmetric case will divide into two type B modes
with linear dispersion for the axial asymmetric case. The other modes from the axial
symmetric case are the same for the asymmetric case and thus a total of four modes
exist for the axially asymmetric vortex. Again for the case that γ2,3 6= 0 but small the
non-Abelian mode from ωx,y will become quasi-gapless. Table 2 summarizes the number
and type of modes emerging for the various core types.
8. Conclusions
In this work we have extended the analysis of previous analysis to include a description
of gapless excitations of axially symmetric vortices in systems similar to the Ginzburg-
Landau description of superfluid 3He in the B phase. We have shown that in the
case that γ23 = 0 the classical low energy theory includes the translational modulus
fields presenting the well studied Kelvin excitations (see [2, 3, 4, 5, 6, 7, 8, 9]). In
addition, the theory contains three additional moduli from the breaking of the non-
Abelian U(1)A × SO(3)Jint to the locked orbital-phase U(1)A+J intz group. These results
have been developed using standard techniques of high energy physics to determine the
classical low energy theory.
In addition, we have introduced the time dependent part of the Ginzburg-Landau
free energy to facilitate the discussion of quantization of the gapless excitations. In
particular, we have discussed the number of gapless excitations emerging from the
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classical moduli determined from the broken symmetry generators. In the present
context the procedure of determining the gapless Goldstone modes is somewhat subtle
due to the non-Lorentz invariance of the action [38, 39, 40]. Specifically, we have shown
that out of the five moduli emerging from the broken symmetry, only three appear
as independent Goldstone modes after quantization. Two of these are the type A
Kelvin mode and the type B axial U(1)A mode, which have been well studied both
experimentally and theoretically [2, 3, 4, 5, 6, 7, 8]. The additional mode is the type A
internal non-Abelian mode resulting from the breaking of SO(3)Jint by the vortex line.
Additionally, upon introduction of small but non-zero γ23 terms in the free
energy (8) we observe the translational and rotational SO(3)Jint modulus fields develop
additional interactions. This is due to the explicit breaking of the separate internal
and external rotations SO(3)Lint × SO(3)Lext to the rotational SO(3)L. Since external
rotations of the vortex line about the x and y axes are equivalent to local translations
we see that the translational moduli couple to the SO(3)Jint moduli with coefficients
proportional to γ23 in the free energy. In addition, the new terms imply that only a
particular combination of the translational and non-Abelian moduli remain massless.
This process is sometimes called the inverse Higgs mechanism in the high energy
community [44, 45, 46, 24]. In this case only the moduli from the broken Abelian
symmetries remain strictly massless, while the other two non-Abelian modes are
considered quasi-gapless. Thus after quantization only the Kelvin and U(1)A mode
remain strictly gapless. The non-Abelian mode becomes quasi-gapless for small γ2,3.
We wish to point out that although we have extended our analysis from the previous
paper [1]) to include the effects of quantization on our classically gapless modes, we have
neglected to include the effects of higher order loop corrections to the effective potential.
In the context of condensed matter systems such as superfluid 3He these corrections will
have little effect on the conclusions of the present work. However, for an application of
these corrections to the case of non-abelian strings see the analysis presented in [47].
We wish to conclude by pointing out the similarities between the present discussion
of the excitations of mass vortices in condensed matter systems to the excitations of
ANO strings [14, 15] in Yang-Mills theories. The low energy theory describing the
gapless excitations of axially symmetric vortices closely resembles the emergent 1 + 1-
dimensional O(3) sigma model of non-Abelian modes of ANO strings in Yang-Mills
theories [25]. In the present case however, the U(1)P phase symmetry is considered as
a global symmetry in contrast to the case of Yang-Mills ANO strings where the phase
symmetry is a U(1) gauge symmetry. Thus in our case the phase symmetry presents a
modulus field on the low energy theory, which would not be the case for ANO strings in
Yang-Mills theories. This modulus δ leads to the U(1)A Bogoliubov mode with linear
dispersion.
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